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Solution of Dirac Equation in a Singularity-Free
Kaluza~-Klein Cosmological Model

S. K. Srivastava!

Received April 27, 1993

The singularity-free solution of (4 + D)-dimensional Einstein field equations for
the Kaluza—Klein cosmological model is obtained. Then the Dirac equations
are solved in this model.

In the context of the unification of gravity with other fundamental
forces of nature, Kaluza—Klein-type models (Kaluza, 1921; Klein, 1926a,b)
are good candidates. In these theories (Duff er al., 1986, and references
therein) space-time is supposed to have the manifold structure M* x B®,
where M* is the wusual para-compact four-dimensional space-time
(Minkowskian or non-Minkowskian) and B? is the extra D-dimensional
compact manifold (also called the internal manifold). The observable
universe is 4-dimensional, hence B? is supposed to have a very small
size.

The coordinates of the (4 + D)-dimensional manifold are separated
into the coordinates x* (u=0,1,2,3) of M* plus the coordinates y™
(m=4,...,D+3) of B?. Here, B? is taken as T? (D-dimensional torus),
which is the product of D copies of circles. The line element is the
generalized Robertson—Walker line element given as

PO ey 4+ @)+ @) — R¥Ogom dy™ dy” (1)
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where
62 =(x")?+(x?)*+(x%)? (1b)
Eun dy™ dy" = p1 dOT + p3dO5+ - -+ ph db} (19
®y, ..., pp are the radii of the circles of 77 and 8, ..., 8, are angular

coordinates), k; is the scalar curvature, having possible values —1,0, +1
for open, flat, and closed models, respectively, and #(¢r) and R() are scale
factors.

The (4 4+ D)-dimensional Einstein field equations without cosmologi-
cal constant are

Gun = Ryy — 38R = 81G(TSE, + TS (2)

where G,y is the Einstein tensor, R,y is the Ricci tensor, G is the
(4 + D)-dimensional gravitational constant, T is the energy-momentum
tensor for matter (which is supposed to be a perfect fluid) and T® is the
energy-momentum tensor from the action for the Dirac spinor ¢ given as

3pb

2/4)3 [gD(y)]l/zilp'}’MDMlll (3)

1 r
W) = 3 Dy .~
S zfdtdxd V(l k3

where D,, is the covariant derivative, y¥ (M =0,1,2,3,...,3 + D) are
(4 + D)-dimensional Dirac matrices, and i =/ —1.
The line element on the 3-dimensional # = const subspace N* of M*
can be written from (1a) as
d~2 _ (dxl)z + (de)z + (de)Z
T (Tt ko)

A map f: N* = {(x', x%, x*)} - E> = {(X", X?, X?)}, is defined such that

i 2\ —1 /4
aX~<1+’—‘i> and X0 () (s)

(4)

xi 4 ox/

The derivatives given in (5) form a Jacobian matrix which is nonsingular
for ky=+1 only when ¢ < 0. In the case k; = — 1, these derivatives do
not exist for ¢ = 2. Thus for a viable theory

’ {<oo when ky=+1 )

#2 and < © when k;= -1
The line element of E® can be written as

do% = (dX")? + (dX?)? + (dX?)? )]
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where

X? =<

X*=<

T 4 . x!
A7+ A7 " A+ 07+ 7 | e oo cons
when &k; = +1

| 4 tanh~! x!

A=) =2 =D = 0T |2 3 - cons
when ky = —1

Lx! when k; =0

Yl

4 x?
t -1
_[4+(x1)2+(x3)2]1/2 an [4+(xl)2+(xs)zll/z}x1=x3=const

when k; = +1
i 4 i x? (8
_[4 — (x‘)z — (x3)2]1/2 tanh [4 - (xl)z - (x3)2] 1/2:]x‘ = x3 = const
when k; = —1

x>  when k;=0

.

(T 4 _ x3
IR T ‘[4+(x‘)2+(x2)2]”2]x1=xz=m
when ky; = +1
] 4 tanh ™! X
[ [4~(x1)? = (xH)7"? [4— ("2 = (D fy1 2 52— const
when k= —1
x> when k;=0

Thus, one finds that map f: N3 — E? is onto, but one-to-one only when

k3=0

or —1. From (5), it is clear that fis a ¢'-function subject to the

condition (6). It can be easily shown that f~' is also a c¢'-function,
provided that conditions (6) are satisfied. So, in the case k; =0 or —1, f'is

a cl-di

ffeomorphism. One knows that a map which is a ¢!-diffeomorphism

is definitely a homeomorphism (Von Westenholz, 1978). Hence, N can be
uniformly deformed to E3 with metric given by (7) subject to conditions (6)

in the

case k; =0 or —1.

The action (3) for ¥ is covariant as well as conformally invariant.

Hence

the action (3), in the background geometry given by (1), is equiva-
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lent to the action for ¥ in the background geometry given by

ds? = di> — r(O(dX")? + (dX*)* + (dX*)?]

~ R*(0)(pidOT +- -+ pp dip) ©)]
Hence
Sy = jdf X dPy r*RPgp (0] iy D,y (10)
where y¥ = (y#, y™) can be written as
,))0=.)70 .))1_:___,};1 ,y2=__1____,)‘)‘2 ,))3=_1__,i3
’ UM r@’’ r(?)
. N 11
y4=_?4_,_ , y3+D jre (b
) R(?)
with
=R (12)
=3 (13)
such that

P =G0 =1

and )’5’" are Dirac matrices on B?. The y“' (u=0,1,2,3)are standard 4 x 4
Dirac matrices on 4-dimensional flat space-time. )"; and I (identity) are
2D12 % 2P2 matrices (when D is even) and 2P~ D2 x 20-1D72 matrices
(when D is odd). Here y are Dirac matrices on T?, which is a manifold
having [U(1)]? as its symmetry groups. So, y -—I (Duff er al., 1986;
Gilbert and McClain, 1984; Wetterich, 1983).

The energy-momentum tensor for  can be derived from the action (3)
or (10). For convenience, here it is derived from the action (10) as
(Audretsch and Schafer, 1978)

T = 5 e Day¥] (14)

From the actions (3) and (10), it is obvious that i is a noninteracting
field. Hence it will behave like a perfect fluid. So, we have from (14)

e(w)=<0|Tg//)0’0>’ pW¥ = <0'T(W)t’()> PW = <0lT(¢)m|0> (15)
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Thus €¥, p®, and PW are vacuum expectation values of T¢¥. So, due to
the spatial homogeneity of the model, these quantities have only time
dependence.

Now, the total energy density, pressure on N°, and pressure on T2 are
written as € = €™ 4 ¥, p =p™ 4 p¥®_ and P = P™ + PW, respectively,
where €™, p®™, and P™ correspond to the perfect fluid (matter other
than ).

The energy-momentum tensor T, for the perfect fluid (matter plus
) is written as (Gleiser and Taylor, 1985)

Tyn =€ +p)Up Uy —(0p + 6'P)gyn (16)
where
5= 0 for M,N=m,n and 5= 0 for M,N=yu,v
1 for M,N=u,v 1 for M,N=m,n
(17)
and UM is normalized as UMU,=1 (U’=+1, U'=0U’=-- =
U3+D=0).
Conservation of T yields (Maeda, 1984)
R ; R 4
é+e(35+DZ ) +3p+DPZ =0 (18)
r R r R

Einstein’s equations can be written as

6kt r’
0 _ st - G2
Go= rzlz (3 +D ) (r) D( ) nGte  (19a)
2kst3  d r R B .
2 +dt< ) <3 R>_ —8nGt,p (19b)
R

d R/ 3", .2
dt( >+7€(r +DR>_—8nGt,,P (19¢)

where prime denotes derivative with respect to the dimensionless parameter
= t/tp and [/ is a constant of unit magnitude and the dimension of length.

Many solutions of (19) suffer from the disease of “crack of doom”
singularity. Rosenbaum et al. (1987) have suggested diagrammatic solu-
tions and have shown that, by an appropriate choice of parameters, the
“crack of doom” singularity can be avoided. A realistic solution should be
constant in the asymptotic limit (¢ - o). Gleiser and Taylor (1985) have
derived a solution of this kind assuming suitable relations between ¢, p, and
P for the D =2 case. Here, a simpler solution satisfying the above criteria
for a realistic model is suggested.

> |
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It is assumed that

1

Rty =f>+ 70

(20)

where fis a constant.
Connecting (20) with (19b) and (19c), we have

2kytl  2f%r? r'y
2?1+ \r
In order to solve equations (19), one needs equations of state. But no

equation relating ¢, p, and P is availabie. Nevertheless, one may impose the
condition

= —8aGL3[p™ + p¥ + (P + PW)(1+ %] (21)

PP+ pY+ (PP 4+ PYY1 4+, =0 (22)

In (22), p™ and P™ can be calculated using (14) if one knows the solution
of the Dirac equation ¥, but p and P" are the pressures for an arbitrary
perfect fluid. Condition (22) may be accepted provided that it is satisfac-
tory from the physical point of view. From this condition, obviously p®™
and P have time dependence only, due to spatial homogeneity. p™ and
P™ can be positive or negative, depending on the signature of p® and
PW, In the case p¥ < p™ and P¥ < P™, (22) can be written as

P+ PO+ ) =0

which is true at least for dust (known perfect fluid). Thus, the possibility of
(22) can be accepted.
Under condition (22), equation (21) yields the exact solution

1422 = (J% + |ocl)2 (23)

provided that k, = —1. If k; = + 1, equation (21) yields a complex solution
and the solution is constant if k;=0. So, hereafter, only ky= —1 is
considered.
Solutions (20) and (23) can be accepted if they satisfy the constraint
(19a).
From conservation equations, D,,GM" = 0= D,, T*", one gets
] 0
—Gi=0=—1T9 4
a ¢ [¢] a t 0 (2 )
In the model considered here, equation (24) implies that if (19a) is satisfied
at one particular epoch, then it is always satisfied. So, one can choose an
epoch 1 =0.



Singularity-Free Kaluza—Klein Model 811

Connecting equations (18) and (22) and integrating, one gets
‘ PR
er’RP =¢, —J |:3(1 +frY) -+ D—]P dr’
o r R

(¢, = const), which yields that

O [%5] B (29)

Now from (19a) at ¢+ =0 one gets

8nGtieg(a? — 1)+ 12
= FP54®-D
Equation (26) yields the condition under which solutions (20) and (23)

satisfy the constraint equation (19a) at 1 = 0. Equation (26) can be written
approximately as

—6:2a%(a?— 1) + (3a2 — D)2 —3a* — D (26)

a*—6Da?+(D*—D)=0 27
neglecting the term on the r.h.s. of (26) as
G =(2m)°, *+~ ppGy = (20)°p, - pp M,
Equation (27) yields
a?= —}[3D + (3D?+6D)'"? (28)
From (28), one finds that a?=1 for D =1 and D = 6 if only the negative

sign is taken, otherwise a2 > 1 for every D. This result has the interesting
feature that the solution r(z) is singularity-free. As a result, the solution

_ fz 1/2
R(1) —[fz-t--_-——__(ft/l-i-}d')z—l} (29)

also is singularity-free for ¢t 2 0.

Now we are in a position to solve the Dirac equation in the cosmolog-
ical model discussed above. But before we do this, the action (10) should
be dimensionally reduced to four-dimensions.

The metric g,,y provided by the line element (9) can be conformally
transformed to

R, 0
gMN=R2(r)g;4N=R2(r)( 0" g ) (30)

Under the transformation (30), the action (10) is

3
§% = fdf d°X d° (-1%) (8o (] "y MDY’ (31a)
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where

= j "R (31b)

¥ = RG+Dy2y (31c)

y’™ are Dirac matrices with respect to the new metric g}y, and D/, is the
corresponding covariant derivative,
Y’ can be written in decomposed form as

& in in
V= 3 exp(—‘y Lo 2222 ”)w;(x) (32)
By — o pi Po
where ¢{J(x) = ¢4, .., () is a four-dimensional Dirac spinor. So the

dimensionally reduced four-dimensional action for the Dirac spinor is

sP —(2; dr d*X ( > oy # D), + iy T )Py | (33a)

where
n n
Ay =—tt 42 (33b)
o P Pp

Here, the normalization condition

Jdl)y [gD(J’)]l/2X(n')X(n) = 6n'ln|5n’2n2 T énbnl (33¢)
with

imy npyp
{2 )
@ < Py Po

has been used.
Under chiral rotation (Wetterich, 1983)

, , T
G~ ¢(n) = exp(l/l(,,) 2 V5>¢(n)
the induced mass term in (33a) obtains the canonical form

A(n) 952") 4) (n)

and the kinetic energy term is unaffected, so we have

§SP =Y |dr dsX( ) By (@YD + AP () (34)

(n)
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The action (34) yields the Dirac equation for ¢, as

D@l + APy =0 (3%)
The covariant derivative D}, is given as
D,=0,-T, (36a)
where
=3(0,h + T5,h0)g,, h 745" (36b)
with the tetrad 4? defined as (Srivastava, 1989)
hoh58 e = Hab (36¢)
Hence
1/ R"
I'n=0, IN=—=(—-— 750
0=0 ' 2<’ R>yy 37
1

1 r!l RI/ ~2~0 r RII an
- —— — — F = — ——— 350
r, 2(r R)vv, 3 2<r R>vv

where the double prime denotes derivative with respect to 7 defined by
equation (31b).
Now the Dirac equation (35) can be written as

. 3 r’, ‘R” R . . . .
Vo[ar +3 (_r’ - ?)]d’(n) + " (F'0; + 720, + §203) by — iAoy iy =0 (38)

2
Setting
_ : Sk, r):!
= (2nr/R) 32 exp(ik - X 39
and connecting it with equation (38), one gets the coupled equations
. iR
[0, — ikl + ~ *k-o)fy=0 (40a)
. iR
[0: +ikmlfu+— (k- 0)f; =0 (40Db)

Equations (40) can be rewritten as
o ., r .
5%—11(,,)-}—{- 1+ itk — o) =0 (4la)

J .. .
(5% + iy —E)fu +itk-0)i=0 (41b)
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where

. tdr
T =J\ ;(_1‘75 (410)

P itk 20) (@~ e ;y (422)

and connecting it with (41b), we have

0 Jd .. r
(a~ + ll(n) R)(é‘% - lj.(n) i)fl + szi = 0

which can be rewritten as

0° , mrt 3 (r
;%gf.+[k + 7 —zm5%<-ﬁ>]/,_0 (42b)

F=1 cosh“(? + |oc|)

Using the solutions (20) and (23), we find equation (42b) reduces to

From equation (41a)

where

di? / /

— i}.(,,)fll— sinh(§>[2 — tanh2(§>]}f, =0 (43)

For very small 7, equation (43) is approximated as

d*f;
d~2

which yields the solution (Murphy, 1960)

2
f' {kz +m2f4 tanh? < smh2

+ (k2 =23, FPT?0)f, =0 (44)

fi=2"NJy; Gz¥*) + N, J_ 13 Gz*?) (45a)

where

k4+4/7.,, 12 =211/2 .
[ (21(( :}2‘22/) 2/): ] eXp[l<§ — 9)] (45b)
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with
6 =tan~ 1(2],(3)1?”212]{2) (45C)

and J,(x) is the Bessel function.
Connecting equations (45a) with equation (42a), we find

ein/3

2R?

Ju= Q@ fPIA)'P 5 (k- 0)z 712

x {N3[J1Cz¥2) + 292y (G23P) — 292, C2P)]
+ N4[J_1/3(—§—Z3/2) + 23/2J~4/3(%Z3/2) - 23/2.]2/3(%23/2)]} (45d)

Corresponding to f; and f; given by equations (45a) and (45d), ¢,
can be written as

-~3/2
d)(n)ls = (27'[ %) eXp(lk * X)

x 2 2[Nyu J, 3 G2*2) + Nydl,J 13G2¥)] (462)

and
_ ein/s r —3/2
Bons = Ay AT — (k- o)z 2m — exp(ik - X)
2k R
x {Nsu,[J15Gz>?) + 2P _,5(32%) — 232] 3 Gz¥%)]

+ Ny [J_, /3 (%Z 3/2) +z°2J —4/3 (%Z 3/2) -z 2/3 (%Z 3/2)]} (46b)

where z is defined by equations (45b) and (45¢c) and for spin quantum
number s = +1, u, (4,) are given as column matrices

3N r

1 0
. 0 . 1
=l 1T
0] 0
(47)
0 (0
0 . 1
“EL kT Ckik,
—kl_ikz k3
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The normalization constants N, can be evaluated using the condition that
the norm defined as

(8, ) = f T x G (48)

1 = const

approaches (27) 35,63k — k') in the flat space limit (Srivastava, 1989).
So,

Ny =k, ;5627
Ny=[J_ 3Gz
N3 = 2204y 21717 P21 10156217)
+ 232033 G21?) — 2P G210
Ny =222,y fH2) " Phz P[4 5G23%)

+ Z?/21u4/3(%2?/2) ~ 232055 Gz (49)

_[k*+ 442, FP(cosh~'a)?] ' NEd
ey oot K

8, = tan~'[2A,, [*I'k? cosh~'a]

where

with

For large 7, equation (43) is approximated as
d? . .
d?é + [kz + m3fte — ii(n)];—; e’”}[, =0 (50)

which is integrated to

T kT " 2KL +b N
fi= exp(——2~l + n + Le’“)[c‘ ‘F‘(T’ 2K, —2Le’”)

e —21e‘f/’)"2"1F1<1 +2K§L+b —2K,2 2K, —2Lef”)] (51a)
where

K K+1%2=0 (51b)

L?= —m?f4> (51c)

b= —ild [ (51d)
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From equations (42) and (51)

itk o T ki N
=2 exp( STk Le”’)[ca V(D e a@  (52)
where
—1+2k+2L ., il . 2KL +b )
U et S [ S 0 P £ 2K — k7
Yl (f) ( 21 € 2f2 e lFl 2L s ) 2Le
2KL + b 2KL +b y
+ ZKZ 11( 2L+ +1, 142K, ~2Le’/’) (52b)
and
~1+2k+2Le™ A, .
= (S )
2 b y
x1F1<1+ KL + -2K,2—2K,—2Lef/'>
2KL +b N
+,F](2+ 2L+ —2K,3 - 2K, —2Le’/’> (52¢)

with K| L, b as defined in equation (51).
Corresponding to f; and f;; given by equations (51) and (52), the
components of ¢, can be written as

2ar\ 32 T ki N
=t — ik - I - T/l
Dits (R) exp(zk X 2[+ ] + Le )

2KL .
X [clus 1F1<—‘“§’-L+—b, 2K, ——2Le’/1>

. 2KL + b
+ ¢y, (—2le )1~ 2K ,F,(l + K2L+

—2K,2-2K, —2Le’7’)]

(53a)

and

2mr\ 32 ) T ki o\ itk - 0)
Piirs = <—E> exp(zk X — 3 + T +Le /1) =

X [e3u, Y, (F) + catd, Yy (7)] (53b)
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The normalization constants in equations (53) are calculated as
2KL + b " -1 T ki ,
=|k /= T C —2Lefl — 0 fetl
¢ |: 1F1( 7L ,2K, —2Le >:| exp(zl ; Le )

i 2 -\
¢y = (—2le®/)y2K~ ‘[,E(l + %—9 —2K, 22K, —~2Le’°”>]

T, kT, .
X exp<‘t—0 o LeTO/’>

21 !
— kY. (F 0! EQ % o/l
c;=[kY ()] exp "1 Le

¢ =[Ya(%)] 7! em(% - ]f;—‘) - Lefoﬂ)

where T =/ cosh™! a.
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